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 36 
ABSTRACT: Most constitutive models can only simulate cumulative deformation after a 37 
limited number of cycles. However, railroad ballast usually experiences a large number of 38 
train passages that cause history-dependent long-term deformation. Fractional calculus is an 39 
efficient tool for modelling this phenomenon and therefore is incorporated into a constitutive 40 
model for predicting the cumulative deformation. The proposed model is further validated by 41 
comparing the model predictions with a series of corresponding experimental results. It is 42 
observed that the proposed model can realistically simulate the cumulative deformation of 43 
ballast from the onset of loading up to a large number of load cycles. 44 
KEYWORDS: Ballast; Constitutive relations; Cyclic loading; Fractional calculus 45 
List of notations: 46 
A  is the constant of proportionality 47 
C
e  is the elastic compliance matrix 48 
D means derivation 49 
E  is the material constant 50 
G  is the shear modulus 51 
H  is the plastic modulus 52 
I means integral 53 
K is the bulk modulus 54 
L is the particle diameter 55 
M is the critical state friction parameter 56 
N is the number of load cycle 57 
Ns  is the number of particles 58 
Rd  is the relative density 59 
b is the fitting parameter 60 
e0  is the initial void ratio 61 
f is the load frequency 62 
k is the degradation rate of minimum sized particles 63 
ls is the particle size 64 
m  is the plastic flow tensor 65 
n  is the loading direction tensor 66 
p′  is the mean effective principal stress 67 
0p′  is the initial mean effective principal stress 68 
p′   is the mean effective principal stress on bounding surface 69 
0p′   is the initial mean effective principal stress on bounding surface 70 
rp   is the unit pressure 71 
q is the deviator stress 72 
q   is the deviator stress on bounding surface 73 
R   is the ratio between energy dissipation by particle rearrangement and breakage energy 74 
α  is the fractional order 75 
β   is the fitting parameter 76 
inδ   is the distance from the stress origin to the image stress point 77 
δ   is the distance from the current stress point to the image stress point 78 
ρ   is the scalar relating the image stress and the loading stress  79 
η   is the stress ratio between deviator stress and mean effective principal stress 80 
χ   is the plastic multiplier 81 
λ   is the gradient of the critical state line 82 
κ   is the gradient of the swell line 83 
ν   is the Poisson ratio 84 
γ   is the plastic flow parameter 85 
sγ   is the surface shape factor 86 
)(•Γ  is the gamma function 87 
s∆   is the fractal dimension of the aggregates 88 
σ&  is the incremental stress tensor 89 
1σ ′   is the major effective principal stress 90 
2σ ′   is the medium effective principal stress 91 
3σ ′   is the minor effective principal stress 92 
ε&  is the incremental strain tensor 93 
e
ε&  is the incremental elastic strain tensor 94 
p
ε&  is the incremental plastic strain tensor 95 
p
1ε&  is the major plastic principal strain 96 
p
3ε&  is the minor plastic principal strain 97 
e
vε   is the elastic volumetric strain 98 
e
sε   is the generalised elastic shear strain 99 
p
vε&  is the plastic volumetric strain 100 
p
sε&  is the generalised plastic shear strain 101 
crφ  is the critical state friction angle 102 
sS
&  is the incremental surface area of aggregates 103 
Ω   is the surface energy 104 
 105 
1 INTRODUCTION 106 
Ballast usually serves as an essential track construction layer to bear the load transmitted 107 
by railroad ties, and also to facilitate rapid drainage. During the whole operation period, a rail 108 
track usually experiences a large number of train passages that cause a cumulative 109 
deformation of the underlying ballast. Accurate prediction of the corresponding maintenance 110 
periods necessitates the development of an advanced constitutive model that captures ballast 111 
deformation and degradation. Although traditional elastoplastic constitutive models have 112 
been investigated widely and successfully applied in many fields, more effort is required to 113 
realistically describe the stress-strain relationship of ballast subjected to long term cyclic 114 
loads. Traditional plasticity approaches, including elastoplastic models [1, 2], generalised 115 
plasticity models [3, 4], and bounding surface plasticity models [5-9], are capable of 116 
incorporating cyclic loading, but often consider very limited cycles (N < 100). For predicting 117 
cumulative deformation under a large number of cycles (N ≥ 103), these models can be 118 
inaccurate due to the inevitable accumulation of numerical errors associated with finite 119 
element analysis. There is little possibility of using these theoretical models in practical 120 
engineering where the loading usually consists of at least tens of thousands of cycles. 121 
To overcome the above limitations, various empirical and semi-empirical models have 122 
been proposed. Although empirical models are usually problem-targeted and easy to use in 123 
engineering applications [10, 11], they do not reflect the essential mechanisms explaining 124 
aggregates degradation and related deformation. Semi-empirical models usually provide an 125 
alternative way to model cumulative deformation. For example, Suiker and de Borst [12] 126 
proposed an elasto-plastic methodology for simulating the cyclic deterioration of rail tracks 127 
by assuming that permanent deformation was caused by frictional sliding and volumetric 128 
compaction. The growth of each component of deformation was empirically simulated by a 129 
power law. François et al. [13] proposed an explicit elastoplastic model by assuming an 130 
exponential decrease of the accumulated strain. Indraratna et al. [14] proposed a pressure-131 
dependent elasto-plastic model by introducing empirical parameters to consider the effect of 132 
particle breakage, stress ratio and number of load cycles. However, some parameters in these 133 
models require extensive and special laboratory tests and as such are often unattractive in 134 
railway problems. 135 
Rather than selecting different modelling techniques to describe experimentally observed 136 
stress-strain behaviour, a fundamental question that arises is: are we using the correct 137 
mathematical tools to describe material deformation? More precisely, in view of the topic of 138 
this paper, one may ask: are commonly used increments in a particular model correctly 139 
assumed as an integer order or should one choose more general operators of a fractional order? 140 
The answer to such a question is not obvious. In fact, the cumulative deformation of granular 141 
soils under cyclic loading is not only influenced by the current loading stress but also by 142 
previous loading cycles [15]. It is indeed a memory-intensive phenomenon that can be 143 
represented mathematically by using the concept of fractional calculus. 144 
Koeller [16] developed fractional calculus for the theory of viscoelasticity to form a link 145 
between the ideal solid state, governed by Hooke’s law, and the ideal liquid state, governed 146 
by Newton’s law of viscosity. In the limit of an ideal solid the system has perfect memory 147 
while in the ideal liquid state it has no memory. Hence intermediate states, representing real 148 
materials, have imperfect memory and require fractional calculus to be modelled 149 
appropriately. Fractional calculus has been used successfully for problems involving soil 150 
mechanics, solid mechanics, vibration and damping. 151 
Geotechnical applications using fractional calculus include the creep and relaxation 152 
behaviour of composite soil [17], the time dependence of Poisson’s ratio [18], the strain 153 
hardening and softening behaviour of sand and clay under monotonic loading [19], the 154 
vibration of rail pads [20], and the anomalous diffusion of underground water [21, 22]. 155 
However, for the problem of interest here, the cumulative deformation of ballast subjected 156 
to a large number of load cycles, further modelling and investigation is still required. This 157 
paper aims to develop a more rigorous model for predicting the cumulative deformation of 158 
ballast subjected to a large number of loading cycles. Traditional elastoplasticity theory is 159 
used and modified by incorporating the concept of fractional calculus, and then the developed 160 
model is validated against the results of a series of laboratory test results. 161 
 162 
2 FRACTIONAL CALCULUS 163 
In traditional calculus the nth derivative or integral of a function is defined for n taking 164 
integer values only. In fractional calculus the definitions of a derivative and an integral are 165 
generalised and n can be a non-integer. One method to generalise the definition of the 166 
repeated integral, which results in the Riemann-Liouville fractional integral of the function, 167 
z(x), is given by [23]: 168 
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where I signifies an integral. α  is the fractional order, ranging from 0 to 1, which can be 170 
correlated to the fractal dimension of a given granular material, as indicated in the Appendix. 171 
x denotes the independent variable. In this context, x can be regarded as the loading time in a 172 
static load test or the number of loading cycles in a cyclic load test. The conventional gamma 173 
function ( )xΓ  is defined as: 174 
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and obeys the recurrence relationship: 176 
 Γ(x +1) = xΓ(x) = x! (2b) 177 
The Riemann-Liouville fractional derivative of the function z(x) can be formulated as [23]: 178 
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where D means derivation. Clearly, the fractional derivative is defined on an interval and this 180 
is contrary to the integer order differential operators defined at a single point. In other words, 181 
the value of the fractional order derivative of the function z depends not just on the value of z 182 
at x, but over the stipulated range from 0 to x.  Due to its integral definition of the derivative, 183 
a fractional order derivative inherently has a strong memory, associated with the variable x. 184 
Such memory is absent from the traditional integer order derivative.  185 
 186 
3 FRACTIONAL STRAIN ACCUMULATION RATE FOR BALLAST 187 
In the model presented here, ballast is assumed to be homogeneous and isotropic, 188 
compression is considered to be positive, and tension as negative. Triaxial stress notations are 189 
used in this formulation.  190 
Many constitutive models concerned with the stress-strain behaviour of granular materials 191 
under triaxial loading have been proposed, e.g., [24-26]. By regarding a granular soil as an 192 
intermediate material lying between ‘ideal’ solids (e.g., steel, concrete) which obey Hooke’ 193 
law of elasticity, and Newtonian fluids (e.g., water, lubricant oil) which satisfy Newton’s law 194 
of viscosity, Yin et al. [19] proposed a general framework for fractional order constitutive 195 
modelling of soils under static loading. For clarification, their work is briefly introduced here. 196 
The basic constitutive law of an intermediate material can be defined as: 197 
 10,0 ≤≤= αεθσ
αα
tDE  (4) 198 
where σ  and ε  are stress and strain, respectively, and E and θ  are material constants. Note 199 
that Hooke’s law with 0=α  (the perfect memory case) and Newton’s law with 1=α  (the no 200 
memory case) are just special cases of Eq. (4), which was demonstrated to be efficient and 201 
simple in modelling the static behaviour of geomaterials [19, 27]. However, the fractional 202 
order models available to date for soils, including Eq. (4), are all phenomenological models 203 
that use viscoelasticity to simulate the stress-strain response of soils. Therefore, a fractional 204 
order elastoplastic model, which possesses the advantages of both the fractional order (and 205 
hence partial memory) and irrecoverable straining of the elastoplastic approaches for 206 
geomaterials, should be proposed. In fact, the cyclic behaviour of ballast is a history-207 
dependent phenomenon where the current deformation of ballast is often influenced by its 208 
previous loading history [14]. The fractional derivative of a variable, as shown in Eq. (3), is 209 
not only determined by the state of the current differentiation point, but also by its 210 
performance during the whole loading period, from 0 to x. The start of loading (first cycle, N 211 
= 1) simulates the first train passage. As will be demonstrated, use of the fractional rate for 212 
strain accumulation is an alternative way to model the cumulative deformation of the ballast 213 
under repeated cycles of loading. 214 
The type of ballast used in this study was a typical angular/sub-angular volcanic latite 215 
basalt that contains the primary minerals feldspar, plagioclase, and augite [28]. The material 216 
properties (grading, void ratio, etc.) and the relevant test conditions are given in Table 1. 217 
Note that for all cases listed in this table the test ID symbol refers to the test condition, e.g., 218 
S100 indicates a static test (S) under a confining pressure of 100 kPa, and C30f20 indicates a 219 
cyclic test (C) under a confining pressure of 30 kPa and a load frequency (f) of 20 Hz. 220 
Aggregates selected from each size range were carefully washed, air-dried, and then weighed 221 
separately and mixed together before being placed into a large-scale triaxial specimen with a 222 
height = 600 mm and a diameter = 300 mm. The maximum and minimum void ratios were 223 
tested to be 0.96 and 0.61, respectively [29]. The specimens were isotropically compressed at 224 
an effective confining pressure of 30 kPa before an axial load was applied. Cyclic tests were 225 
conducted with an input maximum deviator stress qmax of 230 kPa and a minimum deviator 226 
stress qmin of 45 kPa. A typical harmonic cyclic load (sinusoidal waveform) was used during 227 
the cyclic loading tests at a frequency equal to 20 Hz. Membrane correction was applied to 228 
the current test results according to ASTM 2011 [30]. In the context of cyclic load testing, the 229 
number of load cycles N, instead of the time t, is used [13, 31] as a measure of the cumulative 230 
strain rate during cyclic loading (dε/dN). Fig. 1(a) shows the variations in the axial strain 231 
accumulation rate with the number of load cycles. It is observed that the strain accumulation 232 
rate initially decreased markedly, and then stabilised as the number of load cycles increased. 233 
However, by replotting the strain accumulation rate and the number of load cycles on log-log 234 
scales, a simple linear variation can be observed, as shown in Fig. 1(b). Fig. 2 shows a similar 235 
phenomenon where a simple linear variation between the volumetric strain rate and the 236 
number of load cycles can be expected. For test conducted under low confining pressure, the 237 
axial compression (+) along with radial expansion (-) was observed and the overall 238 
volumetric strain was smaller than that observed under relatively high confining pressure (i.e., 239 
both axial and radial strains were +). However, with the progressive development of load 240 
cycles, the sample approaches shakedown. During this period, samples tested under low 241 
confining pressure experience a higher strain rate than that observed under relatively high 242 
confining pressure. Therefore, some intersection of the fitted curves is inevitable. Similar 243 
observations can be found in [32]. Hence, the strain accumulation rate pε& , with respect to the 244 
number of load cycles N can be considered as scale invariant, obeying a power law in relation 245 
to the number of load cycles.  This behaviour can be described by the following fractional 246 
rate for strain accumulation: 247 
 )(1 αε
α Γ= bD pN  (5) 248 
where the term D indicates derivation as defined in Eq. (3). pε  denotes, in general, the plastic 249 
strain. The fractional derivative order is βα −= 1 , in which β  and b are fitting parameters, 250 
as shown in Figs 1(b) and 2(b). They remain constant for a specific loading state applied for 251 
each triaxial test (i.e., for a given confining pressure, load amplitude and load frequency). As 252 
demonstrated later, the parameter b is more likely to depend on the triaxial stress state, such 253 
as the mean effective principal stress p′  and the deviator stress q. Similar phenomena can 254 
also be observed in Fig. 3 where a different ballast [33] with two distinct particle sizes (Table 255 
1) was tested under a load frequency of 1 Hz. A constant strain accumulation rate can 256 
therefore be suggested if a fractional scale for differentiation with respect to the number of 257 
load cycles is used. 258 
 259 
4 CONSTITUTIVE MODEL INCORPORATING FRACTIONAL 260 
CALCULUS 261 
The traditional bounding surface plasticity theory is modified in this section using the 262 
fractional rate of strain accumulation with increasing number of load cycles. The total 263 
increments of strain ε& , can be decomposed into the incremental plastic strain pε& , and the 264 
elastic strain increment eε& , respectively.  265 
 pe εεε &&& +=  (6) 266 
Following the traditional elasticity theory, the incremental elastic strain can be expressed as: 267 
 σε && ee C=  (7) 268 
where the elastic strain tensor [ ]Teseve εε ,=ε , The plastic volumetric strain pppv 31 2εεε +=  and 269 
the generalised plastic shear strain ( ) 3/2 31 ppps εεε −= . p1ε  and p3ε  are the major and minor 270 
principal plastic strains, respectively. The stress tensor [ ]Tqp ,′=σ  where the mean effective 271 
principal stress ( ) 3/2 31 σσ ′+′=′p  and the deviator stress 31 σσ ′−′=q . 1σ ′  and 3σ ′  are the 272 
major and minor effective principal stresses, respectively. Ce is the isotropic elastic 273 
compliance matrix, defined as: 274 
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where the bulk modulus K = (1+ e) /κ ′p , and the shear modulus KG )1/(2/)21(3 νν +−= . e 276 
and ν  are the void ratio and Poisson’s ratio, respectively. As demonstrated previously, the 277 
accumulated strain can be better described by using a fractional order derivative. So, instead 278 
of using the traditional incremental definition of the strain accumulation rate [14], the 279 
incremental plastic strain, pε& , can be fractionally defined as: 280 
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where χ  is the plastic multiplier and g is the plastic potential function. By recalling Eq. (5), 282 
σ∂∂ /gχ  should remain constant in the fractional scale for a given loading state. Therefore, 283 
by applying the derivation of order α−1  to both sides of Eq. (9), one can obtain: 284 
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As can be seen from Eq. (10), the plastic deformation is now determined by the applied stress, 286 
the gradient of the plastic potential, σ∂∂g , and the number of loading cycles, N . In 287 
numerical computation of Eq. (10), N = i is used during the integration of i-th number of 288 
loading cycle, owing to the scale invariance of pε&  with respect to N. The accumulated strain 289 
in one loading cycle is then computed by adding up the strain increment of each sub-loading 290 
step. 291 
 292 
4.1 LOADING SURFACE AND BOUNDING SURFACE 293 
Traditional bounding surface plasticity theory is a framework for the constitutive 294 
modelling of granular soils, including ballast [9] and rockfill [8]. This theory consists of three 295 
essential components, i.e., the loading surface, the bounding surface, and the hardening rule. 296 
For the sake of simplicity, the following Cam-clay loading surface [34] is used: 297 
 [ ] 0)ln( 0 =′′′−= pppMqg  (11) 298 
where M ( )sin3(sin6 crcr φφ −= ) is related to the critical state friction angle crφ . 0p′  defines 299 
the size of the loading surface and represents the intercept of the abscissa with the ′p  axis. It 300 
should be noted that the use of the Cam-clay model instead of the Granta Gravel model [34] 301 
is because the Granta Gravel model has assumed that the material would be totally rigid and 302 
would have no recoverable strain, which is not appropriate for ballast. The shape of Cam-clay 303 
bounding surface when intersecting the p' axis should be perpendicular to it to ensure the 304 
correct material yielding response subjected to isotropic compression. However, field ballast 305 
is usually loaded under shearing stress where the overall shape of the yield surface is 306 
compatible with this stress range (45 kPa – 230 kPa). Moreover, in general plasticity 307 
modelling, the form of loading surface has been adjusted from the conventional norm due to 308 
various loading conditions without adversely affecting the accuracy of the strain calculations. 309 
How this classical yield surface (albeit not perpendicular to p' axis) is adopted to determine 310 
the appropriate strains under a given stress combination is described in detail by Schofield 311 
and Wroth [34]. For instance, the Cam-clay model has been successfully used and modified 312 
in various past studies to describe the constitutive behaviour of sand [35, 36], ballast [37, 38] 313 
and coarser rockfill [8]. The bounding surface is usually assumed to have the same shape as 314 
the loading surface: 315 
 [ ] 0)ln( 0 =′′′−= pppMqf  (12) 316 
where 0p′  denotes the size of the current bounding surface. The Cam-clay bounding surface is 317 
used in this study because the constitutive model equations and the calculation of bounding 318 
surface plasticity [39] does not specify any particular form of the loading and bounding 319 
surfaces. The Cam-clay surface is simple but can still reasonably address the stress-strain 320 
behaviour of ballast if an appropriate flow rule and a hardening modulus are to be used The 321 
image stress point on the bounding surface can be then expressed by the radial mapping rule 322 
[40] using a scalar ρ  as [7]: 323 
 0pp ′=′ ρ  (13a) 324 
 0pq ′= ρη  (13b) 325 
where the stress ratio η  is defined as follows: 326 
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By substituting Eqs (13) and (14) into Eq. (12), the scalar ρ  which determines the image 328 
stress point on the bounding surface can be given as: 329 
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The position of the initial bounding surface (
ip0′ ) can be determined by intersecting the 331 
normal compression line and the swelling line at point (
icpe ′,0 ), as shown in Fig. 4: 332 
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where e0 denotes the initial void ratio prior to shearing. rp  is the unit pressure. λ  and κ  are 334 
gradients of the critical state and swelling lines, respectively. Γe  is the void ratio at 1=′p .  335 
 336 
4.2 LOADING DIRECTION AND PLASTIC FLOW DIRECTION 337 
The loading direction is normal to the bounding surface and can be expressed as:  338 
 [ ]Tfsfv nn ,=n  (17) 339 
where the compression-related component is given by: 340 
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and the shear-related component by: 342 
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In the above equations, the gradient amplitude is given by: 344 
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For ballast, a non-associated flow rule is used. By recalling Eq. (10), one has: 346 
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The equation above can be regarded as the cyclic flow rule for the ballast material. γ  is a 348 
material constant. Accordingly, the flow direction can be defined as: 349 
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 351 
4.3 HARDENING RULE 352 
In bounding surface plasticity, the hardening modulus H is related to both the size of the 353 
bounding surface and the distance between the current loading and bounding surfaces. 354 
Therefore, it can be conveniently decomposed into two components [7]: 355 
 δHHH b +=  (22) 356 
where bH  is the plastic modulus at σ  on the bounding surface, and δH  is related to the 357 
distance between the current loading surface and the bounding surface. By applying the 358 
consistency condition at the bounding surface (Eq. (12)) and assuming isotropic hardening of 359 
the bounding surface with plastic volumetric compression, the derivatives of the bounding 360 
surface can be obtained as: 361 
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By recalling Eq. (10), the plastic volumetric strain pvε&  can be rewritten as:  363 
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Substituting Eq. (24) into Eq. (23) and using the definition of the unit vector normal to the 365 
bounding surface, the hardening modulus Hb, can now be derived as: 366 
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where the relationship between 0p′  and 
p
vε  under isotropic loading can be formulated by 368 
using the fractional rate for volumetric strain accumulation. Hence: 369 
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 (26) 370 
Note that Eq. (26) reduces to the virgin loading condition for N = 1. The cumulative 371 
volumetric strain decreases with increasing load cycles, indicating a state of cyclic 372 
densification of the ballast. A distinct effect of the fractional derivative order on the plastic 373 
modulus can be observed from Eq. (26), where the plastic modulus Hb, decreases with the 374 
decreasing order of the fractional derivative, indicating that more plastic strain is 375 
accumulated during the cyclic loading. Similar to Russell and Khalili [41], the hardening 376 
modulus component δH  can be given as: 377 
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where 0h  is a material parameter that can be defined as a function of the initial conditions [42] 379 
or changing state [8, 40], for general application. For cyclic triaxial tests under different 380 
loading frequencies (f) or effective confining pressures ( 3σ ′ ), the following generalisation of 381 
h0 can be given: 382 
 ( )cTyah =0  (28a) 383 
where a and c are material constants and Ty = f (or 3σ ′ , or 
amplσ ), corresponding to tests 384 
under different load frequencies, f, (or confining pressures, 3σ ′ , or load amplitudes, 
amplσ ). 385 
inδ  and δ  are the distances from the stress origin and current stress point to the image stress 386 
point, respectively. Following the radial mapping rule [40], it is easy to obtain: 387 
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The hardening modulus H approaches bH  with an increasing loading stress and ultimately 389 
equals bH  when the loading surface coincides with the bounding surface. δH  approaches 390 
infinity if 0→−δδin , implying a state of no plastic deformation.  By combining Eqs (10), 391 
(17), (21), and (22), a fractional order constitutive relationship between the incremental 392 
plastic strain and stress can be determined as: 393 
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Eq. (29) is different from the traditional elasto-plastic model as it considers the number of 395 
load cycles by incorporating the concept of fractional calculus. By substituting Eqs (6) and 396 
(29) into Eq. (7), the generalised constitutive equation can be obtained as: 397 
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The above formulation incorporates fractional calculus into traditional plasticity theory. 399 
Semi-empirical elasto-plastic formulae with 3/1=α  proposed by Liu and Carter [2] and 400 
Indraratna et al. [14] are special cases that can be derived theoretically from the proposed 401 
approach. Eq. (30) simplifies to the traditional monotonic constitutive formulae for granular 402 
soils with 1=α . A flow chart showing how to implement the proposed model in prediction 403 
of cumulative deformation of ballast can be found in Fig. 5. As Fig. 6 shows, the proposed 404 
model predicts the equivalent stress-strain behaviour for virgin loading and first unloading. 405 
However, the fractional order greatly affects the subsequent densification of soils as shown in 406 
Fig. 6(a). The repeated shear straining causes faster densification with decreasing values of 407 
the fractional order α  (from 0.65 to 0.35). For instance, the strain accumulation rate 408 
decreases from 0.61% to 0.24% at N = 10 and from 0.12% to 0.03% at N = 100, as can be 409 
observed in Fig. 6(b). The rate of cyclic densification can be simulated appropriately by an 410 
appropriate choice of the value of the fractional order, α . 411 
 412 
5 MODEL VALIDATION 413 
5.1 IDENTIFICATION OF MODEL PARAMETERS 414 
The proposed model requires 9 parameters to completely characterise the cumulative 415 
behaviour of ballast subjected to monotonic and cyclic loading. Two parameters κ  and ν , 416 
define the elastic behaviour. κ  can be determined by measuring the slope of the swelling line 417 
in an isotropic compression test in pe ′− ln space. Poisson’s ratio ν , is taken as 0.3 for the 418 
ballast investigated in this study. There are three critical state parameters 
crφ , λ , and Γe . The 419 
critical state friction angle 
crφ , can be determined by fitting the critical state stress points in 420 
the qp −′  plane. Parameters λ  and Γe , can be determined by fitting a straight line to the 421 
critical state points in the pe ′− ln  space. λ  denotes the gradient of the critical state line and 422 
Γe  is the intersection of the critical state line with the 1=′p  line. The hardening parameters a 423 
and c determine the value of h0 and can be obtained by fitting the stress-strain curve in sq ε−  424 
space. Parameter γ  controls the direction of plastic flow and can therefore be determined by 425 
simulating the stress dilatancy relationship as indicated by Fu et al. [43]. One additional 426 
parameter that is different from traditional plasticity theory is the fractional order α , for 427 
strain accumulation. It can be determined by trial and error to provide the best description of 428 
the ballast densification. All parameters used in this study are listed in Table 2 (Note: 1=α  429 
for monotonic loading). As the flow direction changes [31], different values of γ  are selected 430 
for monotonic and cyclic loading conditions for the purpose of more realistic modelling. A 431 
similar approach can be found in Khalili et al. [5, 44] and Suiker and de Borst [12]. 432 
 433 
5.2 MODEL PERFORMANCE  434 
The ability of the proposed model to predict cumulative deformation of typical rail ballast 435 
under monotonic and cyclic loading is investigated by comparing the numerical predictions 436 
of the model and experimental results obtained from the current study and other available 437 
information [14, 32, 37, 45, 46]. For all cases examined here, details of the experimental tests 438 
and the ballast materials tested are provided in Table 1, and values of the model parameters 439 
assumed for each ballast type in the numerical predictions are listed in Table 2. 440 
Figs 7 - 10 show the results of the experimental and simulated monotonic and cyclic tests 441 
carried out on a ballast (‘Current study’ in Table 1) under different confining pressures and 442 
densities. The initial conditions for three different medium dense samples (relative density, Rd 443 
= 0.56 – 0.63) tested under monotonic loads are: (i) kPa100=′p  and e0 = 0.735; (ii) 444 
kPa200=′p  and e0 = 0.728; (iii) kPa400=′p  and e0 = 0.711. The purpose of conducting 445 
the monotonic tests at different confining pressures was to obtain the critical state parameters 446 
for cyclic simulation. To allow the samples at least to approach the critical state at the end of 447 
the test, relatively large confining pressures were used. The monotonic simulations (Fig. 7) 448 
show that the model captures well the characteristic features, such as strain hardening, stress 449 
dilation, and contraction of the medium dense ballast under different confining pressures. The 450 
peak stresses are predicted higher than the experimental results but the volumetric strains 451 
under different confining pressures are well matched. The initial conditions for samples 452 
tested under cyclic loads are: kPa30=′p  and e0 = 0.713; kPa60=′p  and e0 = 0.708; 453 
kPa120=′p  and e0 = 0.671. Some models can only simulate accumulated strain accurately 454 
for a limited number of cycles and fail to predict deformation accurately at large numbers of 455 
load cycles (N ≥ 103), while others can only give a reasonable prediction of deformation 456 
under a large number of load cycles but fail to address deformation adequately at low cycle 457 
numbers (N < 100). For example, as shown in Fig. 8, the original bounding surface model 458 
with 1=α  in this study can reasonably simulate the cumulative deformation of ballast within 459 
10 load cycles, but it fails to predict the ballast deformation beyond N > 10. This is because 460 
the hardening behaviour was not addressed properly in the original bounding surface model 461 
where the model hardened gradually. However, if the fractional order is incorporated, the 462 
speed of material hardening can be controlled by using an appropriate value of α . As can be 463 
observed, the proposed model can capture well the axial and volumetric strains from the 464 
beginning of the cyclic loading up to 50,000 cycles. The predicted axial and volumetric 465 
strains are observed to increase rapidly in the initial loading stage and then gradually 466 
stabilises as the number of load cycles is increased, and good agreement is found with the 467 
experimental results. The fractional order α  = 0.5 provides an accurate description of the 468 
cyclic densification of ballast under different confining pressures. The difference in 469 
prediction between the original and modified bounding surface models can be attributed to 470 
the different hardening speed, as illustrated in Eq. (26). With a reduction in the fractional 471 
order α , the model hardens more rapidly. 472 
The initial conditions for three different dense samples (Rd = 0.70 – 0.89) tested under 473 
monotonic loads are: (i) kPa100=′p  and e0 = 0.686; (ii) kPa200=′p  and e0 = 0.653; (iii) 474 
kPa400=′p  and e0 = 0.620. The monotonic simulations shown in Fig. 9 reveal that the 475 
proposed model can also capture the stress-strain behaviour of the dense ballast under 476 
varying confining pressures. Both the evolutions of deviator stresses and volumetric strains 477 
are well simulated. The initial conditions for samples tested under cyclic loads are: 478 
kPa30=′p  and e0 = 0.688; kPa60=′p  and e0 = 0.655; kPa120=′p  and e0 = 0.623. 479 
However, as Fig. 10 shows, the proposed model can also capture well the axial and 480 
volumetric strains of the dense ballast samples from the beginning of the cyclic loading up to 481 
50,000 cycles. A more rapid increase of the predicted axial and volumetric strains is observed 482 
at the initial loading stage and then both gradually stabilise as the number of load cycles 483 
increases, and this is in good agreement with the corresponding experimental results.  484 
Figs 11-12 show the simulation results for monotonic and cyclic tests conducted by Salim 485 
and Indraratna [37] and Indraratna et al. [14] on ballast under different loading conditions. 486 
Monotonic tests were carried out on the specimens 300 mm in diameter and 600 mm high, 487 
under confining pressures of 100 kPa, 200 kPa, and 300 kPa. Detailed physical properties and 488 
the test conditions for each sample are listed in Table 1. Fig. 11 shows comparisons between 489 
the test results and model simulations of the stress-strain response of ballast under different 490 
confining pressures. It is observed that the proposed model can capture well the stress-strain 491 
response of ballast, especially its stress dilation behaviour under a relatively low confining 492 
pressure of 100 kPa. It can also characterise the strain hardening and volumetric contraction 493 
of ballast under relatively high pressures of 200 kPa and 300 kPa. The cyclic tests were 494 
carried out at a constant confining pressure of 60 kPa and three different loading frequencies, 495 
10 Hz, 20 Hz, and 40 Hz. A sinusoidal stress wave with a minimum deviator stress equal to 496 
45 kPa and a maximum stress equal to 230kPa was applied during the cyclic loading period. 497 
An accurate description of cyclic densification can be obtained for this ballast material using 498 
55.0=α . As Fig. 12 shows, as the number of loading cycles increases permanent 499 
deformation also increases rapidly and then approaches a stable value, which can be 500 
characterised well by the fractional order plasticity model. 501 
Fig. 13 shows the model simulations of cumulative axial and volumetric strains of another 502 
ballast material under a loading frequency of 10 Hz and two different confining pressures of 503 
30 kPa and 60 kPa. The ballast studied in this case had a coefficient of uniformity of 1.5 and 504 
was compacted to have an initial void ratio e0 of around 0.72 [46]. As can be observed, with 505 
the increase of the confining pressure, axial strain increased while volumetric strain 506 
decreased due to the larger radial expansion under lower confinement. These results are well 507 
captured by the fractional order model with 53.0=α . 508 
Figs 14 and 15 show the simulation results for monotonic and cyclic tests conducted by 509 
Anderson and Fair [45]. The monotonic tests were carried out on cylindrical specimens with 510 
a nominal height of 455 mm and a nominal diameter of 236 mm, under confining pressures 511 
equal to 40 kPa and 90 kPa. Fig. 14 shows a comparison between the monotonic test results 512 
and the corresponding model predictions where good agreement can be observed. Cyclic tests 513 
were carried out on samples with two different confining pressures and a fixed loading 514 
frequency of 0.5 Hz, as indicated in Table 1. Fig. 15 shows the simulation results of the 515 
corresponding experimental data. As can be expected, with the increase in confining pressure, 516 
the cumulative axial strain decreases while the cumulative volumetric strain increases. The 517 
proposed model can accurately simulate such an evolutionary trend when 48.0=α . 518 
Figs 16 and 17 show the simulation results for monotonic and cyclic tests conducted by 519 
Aursudkij et al. [32]. Monotonic tests were carried out on cylindrical specimens with a height 520 
of 450 mm and a diameter of 300 mm under confining pressures of 10 kPa, 30 kPa, and 60 521 
kPa. Fig. 16 presents the model predictions of the corresponding test results. It is observed 522 
that the proposed model can capture well the stress-strain response of ballast, especially the 523 
stress-dilation behaviour at low confining pressures (≤ 60 kPa). Cyclic tests were carried out 524 
at confining pressures of 30 kPa and 60 kPa and with a loading frequency of 4 Hz. Thousands 525 
of cycles of sinusoidal stress waves with a minimum deviator stress of 15 kPa and a 526 
maximum stress of 180kPa were applied during the cyclic loading period. Fig. 17 shows the 527 
simulation results and the corresponding experimental results. The decreasing cumulative 528 
axial strain with increasing confining pressure can be well captured by using 6.0=α . 529 
Figs 18 and 19 show the simulation results for monotonic and cyclic tests carried out by 530 
Fu et al. [43]. Monotonic tests were conducted on cylindrical specimens with a height of 700 531 
mm and a diameter of 300 mm. Fig. 18 shows a comparison between the monotonic test 532 
results and corresponding model predictions, where good agreement can be observed. Cyclic 533 
tests were performed at two different load amplitudes of 1 MPa and 2 MPa with a constant 534 
loading frequency of 0.1 Hz. Fig. 19 shows the predicted results and the corresponding 535 
experimental data. An increase in the cumulative axial and volumetric strains with an 536 
increasing load amplitude is well captured by using 4.0=α . 537 
 538 
6 CONCLUSIONS 539 
Fractional calculus is a powerful instrument for mathematically characterising and finding 540 
converging solutions to memory-intensive phenomena such as soil deformation. Although a 541 
few past studies have demonstrated the use of fractional calculus in quantifying the 542 
monotonic behaviour of different geomaterials, its adoption in predicting the true cyclic or 543 
dynamic behaviour of granular materials, as applicable for railways, has not been considered.  544 
In this study, it was shown that the strain accumulation rate of rail ballast obeyed a power law 545 
in relation to the number of loading cycles, and it could be described well using the concept 546 
of fractional calculus. 547 
In essence, the major advantage of using fractional calculus in studying the cyclic 548 
behaviour of ballast was that it can extend traditional constitutive models developed for 549 
granular media (elastoplastic, generalised plasticity and bounding surface models) by using 550 
the fractional rate for strain accumulation. 551 
By selecting the appropriate value of the fractional order, acceptable predictions of the 552 
strain accumulation rate with an increasing number of loading cycles could be obtained. 553 
Accordingly, a simplified cyclic constitutive model for predicting the cumulative deformation 554 
of ballast with increasing load cycles was developed by incorporating the fractional rate for 555 
strain accumulation into a traditional bounding surface model. The model contains nine 556 
parameters. Eight of them are inherited from the traditional plasticity models, with only one 557 
additional parameter, the fractional order, specified for strain accumulation. All the 558 
parameters can be easily obtained using triaxial tests. The proposed model simplifies to the 559 
traditional plasticity model for monotonic loading when the fractional order is unity. 560 
With the decrease of the fractional order (from 0.65 to 0.35), the model was observed to 561 
exhibit faster cyclic densification under fully drained conditions. For instance, the strain 562 
accumulation rate was decreased from 0.61% to 0.24% at N = 10 and from 0.12% to 0.03% at 563 
N = 100. The proposed model was calibrated and validated against a series of independent 564 
laboratory test results for ballast. It was found that the developed model can correctly 565 
simulate the key features, such as stress-dilation under low confining pressure and strain-566 
hardening under relatively high confining pressure of ballast. For instance, at confining 567 
pressures ranging from 10 kPa to 90 kPa, good predictions of the dilatation behaviour were 568 
observed while volumetric contraction and strain hardening of the samples tested under 569 
confining pressures ranging from 100 kPa to 400 kPa were also well simulated. 570 
Simulations of the test results obtained under different cyclic loading conditions (e.g., 571 
different loading amplitudes, confining pressures, and loading frequencies) revealed that 572 
unlike previous constitutive models for ballast, the current model can efficiently simulate the 573 
cumulative deformation from the onset of loading to a large number of load cycles. For 574 
instance, the cumulative axial, shear, and volumetric strains obtained under a variety of 575 
confining pressures ranging from 20 kPa to 140 kPa were reasonably simulated by using 576 
appropriate values of the fractional order (0.48 – 0.6). With the increase of confining pressure, 577 
the cumulative axial strain decreased while the cumulative volumetric strain increased.  578 
Cyclic densification of ballast under different loading frequencies (10 Hz – 40 Hz) can also 579 
be captured by using a fractional order of 0.55.  580 
The possible connection between fractional derivative order and fractal dimension was 581 
only briefly discussed in the current study. However, further comprehensive studies could be 582 
carried out through appropriate laboratory work or discrete element method in future, but is 583 
not within the scope of this particular study. The fractional order was found to decrease with 584 
the increasing fractal dimension of a given material. On the basis of this study, the fractional 585 
order for ballast was found to be around 0.4 – 0.6.  586 
Moreover, it should be noted that the current model was established on the basis of triaxial 587 
test data to predict the cumulative deformation of ballast. The capability of this model to 588 
evaluate limit loads or simulate more complex loading conditions, such as the rotation of 589 
principal stress directions needs further experimental and numerical investigation which is 590 
beyond the scope of this study. 591 
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599 
APPENDIX 600 
An attempt is made here to represent how the fractal dimension of the aggregates 601 
determines the fractional derivative order applicable during cyclic loading. To start with, the 602 
equation that considers energy dissipation due to particle breakage and the associated particle 603 
rearrangement in modified Cam-clay is adopted [47]: 604 
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where sS&  is the increment in surface area of particles within a sample, and Ω  represents the 606 
surface energy. Vs is the soil volume. R is the ratio of energy dissipated by particle 607 
rearrangement to the energy dissipated by particle degradation. For simplicity of the analysis, 608 
R is assumed to be constant as also suggested by McDowell [48] and Nguyen and Einav [49]. 609 
A simple case for the isotropic compression condition is considered here, and accordingly, Eq. 610 
(A1) can be simplified as follows: 611 
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Fractal properties of a granular material under isotropic compression may now be combined 613 
with Eq. (A2) to derive the link between the fractional order and the fractal dimension of 614 
granular soils. While a material like ballast cannot be truly distributed in a fractal way 615 
because of the different origin and types of mineral particles and grain shapes, modelling the 616 
particle size distributions using fractals still provides a reasonable fit to experimental data [26, 617 
50]. The number of particles with the diameter L, and larger than ls obeys the following 618 
power law [25, 26]:  619 
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where the subscript s denotes the solid. A is a constant of proportionality and 
s∆  is the fractal 621 
dimension of the aggregates. Therefore, the incremental particle surface area can be obtained 622 
using Eq. (A3) as: 623 
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where 
sγ  is the surface shape factor. Substituting Eq. (A4) into Eq. (A3) yields: 625 
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Eq. (A5) relates the stress-strain behaviour with the particle size, ls, within the granular 627 
soil. The plastic deformation of granular soil is therefore attributed to the continuous 628 
degradation and redistribution of particles within the sample, as also indicated by McDowell 629 
and Bolton [47]. Suppose that the minimum particle size decreases by k times from the initial 630 
value for one loading cycle, then Eq. (A5) can be further expressed as: 631 
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where µ  is given by: 633 
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in which 
0s
l  denotes the initial minimum particle size within the sample, and the decreasing 635 
rate k changes with the number of load cycles. By recalling the relationship shown in Eq. (5) 636 
and using Eq. (3), an explicit expression for k can be obtained as:  637 
 k = (∆s − 2)N
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1
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A rapid increase followed by a stable variation of k with an increasing number of load cycles 639 
can be expected. The physical connection between the fractional derivative order and the 640 
fractal dimension can be further obtained using Eq. (A8) with N equal to 1, hence:   641 
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where the parameter k1 corresponds to the degradation rate of the minimum particle size at 643 
the first loading cycle. The fractional derivative order decreases as the fractal dimension of a 644 
given granular soil increases and approaches zero for a fractal dimension equal to 3, 645 
indicating that soils with higher fractal dimensions densify faster than those with lower 646 
fractal dimensions. 647 
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Table 1. Material properties and test conditions 770 
Materials 
Test 
ID 
e0 
qmin 
(kPa) 
qmax 
(kPa) 
Cu 
dM 
(mm) 
d60 
(mm) 
d50 
(mm) 
d30 
(mm) 
d10 
(mm) 
dm 
(mm) 
Current 
study 
S100 
0.686 
0.735 
- - 
1.9 45 43.7 34.6 33.7 19. 5 9.5 
S200 
0.653 
0.728 
S400 
0.620 
0.711 
C30f20 
0.713 
0.688 
45 230 C60f20 
0.708 
0.655 
C120f20 
0.671 
0.623 
Anderson 
& Fair 
[45] 
S40 0.838 
- - 
1.4 50 42.3 40.2 35.7 30 14 
S90 0.812 
C90f0.5 0.730 
15 250 
C140f0.5 0.720 
Aursudkij 
et al. [32] 
S10 0.721 
- - 
1.5 50 41.7 39.4 34.5 27.4 22.4 
S30 0.689 
S60 0.683 
C30f4 0.668 
15 180 
C60f4 0.655 
Fu et al., 
[43] 
S08 0.199 
- - 
63 10 3.6 2.6 0.9 0.06 - 
S2 0.199 
S3 0.199 
C3f0.1 0.199 
3500 5500 
2500 6500 
Indraratna 
et al. [14] 
C60f10 0.720 
45 230 1.5 53 41.0 38.3 32.9 26.5 19 C60f20 0.720 
C60f40 0.720 
Salim & 
Indraratna 
[37] 
S100 0.682 
- - 1.5 53 40.2 37 31.7 26.8 19 S200 0.653 
S300 0.627 
Sevi & Ge 
[33] 
C20f1 0.690 0 88,121 
1.6 
19 12.0 11.1 9.3 7.7 2.8 
C20f1 0.690 0 102,121 38 23.9 22.2 18.5 15.4 5.6 
Sun et al. 
[46] 
C30f10 0.720 
45 230 1.5 53 41.1 39.5 34.2 26.8 16 
C60f10 0.720 
Table 2. Model parameters 771 
Data sources Test series κ  ν  crφ  λ  Γe  
γ
 a c α  
Current study 
Monotonic 0.009 0.3 46.5 0.234 2.137 1.0 2 0 1.0 
Cyclic 0.009 0.3 46.5 0.234 2.137 1.0 0.429 0.850 0.5 
Salim & Indraratna [37] Monotonic 0.007 0.3 45.7 0.188 1.830 1.0 1.65 0 1.0 
Indraratna et al. [14] Cyclic 0.007 0.3 55.0 0.188 1.830 7.0 232.55 -0.835 0.55 
Sun et al. [46] Cyclic 0.007 0.3 53.0 0.182 1.830 1.8 0.543 1.383 0.53 
Anderson & Fair [45] 
Monotonic 0.001 0.3 43.0 0.180 1.840 1.0 0.427 0.855 1.0 
Cyclic 0.001 0.3 43.0 0.180 1.840 1.0 0.104 1.835 0.48 
Aursudkij et al. [32] 
Monotonic 0.002 0.3 42.6 0.068 1.182 1.0 0.5 0 1.0 
Cyclic 0.002 0.3 42.6 0.068 1.182 0.4 0.122 1.415 0.6 
Fu et al. [43] 
Monotonic 0.008 0.3 41.0 0.160 1.840 1.0 0.249 -0.831 1.0 
Cyclic 0.008 0.3 41.0 0.160 1.840 0.8 20 -0.415 0.4 
Figure caption list: 772 
Fig. 1. Axial strain accumulation rate vs number of load cycles for ballast in (a) log-linear 773 
scale and (b) log-log scale 774 
Fig. 2. Volumetric strain accumulation rate vs number of load cycles for ballast in (a) log-775 
linear scale and (b) log-log scale 776 
Fig. 3. Strain accumulation rate vs number of load cycles for ballast [33]: (a) volumetric 777 
strain rate (b) axial strain rate 778 
Fig. 4. Position of the initial bounding surface 779 
Fig.5. Flow chart for model implementation 780 
Fig. 6. Schematic representation of the effect of the fractional order on soil densification: (a) 781 
stress-strain response and (b) accumulated strain vs number of load cycles 782 
Fig. 7. Model simulation for drained compression tests on medium dense ballast (Rd = 0.56 – 783 
0.63) 784 
Fig. 8. Model predictions of (a) axial strain and (b) volumetric strain of medium dense (Rd = 785 
0.56 – 0.63) ballast under different confining pressures 786 
Fig. 9. Model simulation for drained compression tests on dense ballast (Rd = 0.70 – 0.89) 787 
Fig. 10. Model predictions of (a) axial strain and (b) volumetric strain of dense (Rd = 0.70 – 788 
0.89) ballast under different confining pressures 789 
Fig. 11. Model simulation for drained compression tests on ballast (data sourced from [37]) 790 
Fig. 12. Model predictions of (a) shear strain and (b) volumetric strain of ballast (data 791 
sourced from [14]) under different load frequencies 792 
Fig. 13. Model predictions of (a) shear strain and (b) volumetric strain of ballast (data 793 
sourced from [46]) under different confining pressures 794 
Fig. 14. Model predictions of (a) axial strain vs deviator stress and (b) axial strain vs 795 
volumetric strain of ballast (data sourced from [45]) 796 
Fig. 15. Model predictions of (a) shear strain and (b) volumetric strain of ballast under 797 
different confining pressures (data sourced from [45]) 798 
Fig. 16. Model predictions of (a) axial strain vs deviator stress and (b) axial strain vs 799 
volumetric strain of ballast (data sourced from [32]) 800 
Fig. 17. Model predictions of (a) axial strain and (b) volumetric strain of ballast  under 801 
different confining pressures (data sourced from [32]) 802 
Fig. 18. Model predictions of (a) axial strain vs deviator stress and (b) axial strain vs 803 
volumetric strain (data sourced from [43]) 804 
Fig. 19. Model predictions of (a) axial strain and (b) volumetric strain under different loading 805 
amplitudes (data sourced from [43]) 806 
 807 
 808 
Fig. 1. Axial strain accumulation rate vs number of load cycles for ballast in (a) log-linear 809 
scale and (b) log-log scale 810 
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Fig. 2. Volumetric strain accumulation rate vs number of load cycles for ballast in (a) log-812 
linear scale and (b) log-log scale 813 
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Fig. 3. Strain accumulation rate vs number of load cycles for ballast [33]: (a) volumetric 817 
strain rate (b) axial strain rate 818 
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Fig. 4. Position of the initial bounding surface 822 
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 824 
Fig.5 Flow chart for model implementation 825 
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 827 
Fig. 6. Schematic representation of the effect of the fractional order on soil densification: (a) 828 
stress-strain response and (b) accumulated strain vs number of load cycles 829 
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Fig. 7. Model simulation for drained compression tests on medium dense ballast (Rd = 0.56 – 832 
0.63) 833 
 834 
Fig. 8. Model predictions of (a) axial strain and (b) volumetric strain of medium dense (Rd = 835 
0.56 – 0.63) ballast under different confining pressures 836 
 837 
 838 
Fig. 9. Model simulation for drained compression tests on dense ballast (Rd = 0.70 – 0.89) 839 
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Fig. 10. Model predictions of (a) axial strain and (b) volumetric strain of dense (Rd = 0.70 – 841 
0.89) ballast under different confining pressures 842 
 843 
 844 
Fig. 11. Model simulation for drained compression tests on ballast (data sourced from Salim 845 
and Indraratna [37]) 846 
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Fig. 12. Model predictions of (a) shear strain and (b) volumetric strain of ballast (data 849 
sourced from [14]) under different load frequencies 850 
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Fig. 13. Model predictions of (a) axial strain and (b) volumetric strain of ballast (data sourced 852 
from [46]) under different confining pressures 853 
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 854 
Fig. 14. Model predictions of (a) axial strain vs deviator stress and (b) axial strain vs 855 
volumetric strain of ballast (data sourced from [45]) 856 
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 857 
Fig. 15. Model predictions of (a) axial strain and (b) volumetric strain of ballast under 858 
different confining pressures (data sourced from [45]) 859 
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 860 
Fig. 16. Model predictions of (a) axial strain vs deviator stress and (b) axial strain vs 861 
volumetric strain of ballast (data sourced from [32]) 862 
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Fig. 17. Model predictions of (a) axial strain and (b) volumetric strain of ballast  under 865 
different confining pressures (data sourced from [32]) 866 
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 869 
Fig. 18. Model predictions of (a) axial strain vs deviator stress and (b) axial strain vs 870 
volumetric strain (data sourced from [43]) 871 
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Fig. 19. Model predictions of (a) axial strain and (b) volumetric strain under different loading 873 
amplitudes (data sourced from [43]) 874 
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